Let U/L be a finite abelian extension of number fields. We first construct a universal primitive generator of U over L whose relative trace to any intermediate field F becomes a generator of F over L, too. We also develop a similar argument in terms of norm. As its examples we investigate towers of ray class fields over imaginary quadratic fields. And, we further present a new method of finding a normal element for the extension U/L.
Introduction
Let U/L be a finite abelian extension of number fields. If F is an intermediate field of U/L, then it is also an abelian extension of L by Galois theory. Furthermore, we have a primitive generator of F over L by the primitive element theorem (see also [6, Theorems 8.2 or 8.4] ). In this paper we shall first show that there exists a universal generator α of U over L for which its relative trace Tr U/F (α) becomes a generator of F over L (Theorem 2.2), too. And, for a field tower L = F 0 ≤ F 1 ≤ F 2 ≤ · · · ≤ F t = U we shall also construct an element β of U whose relative norm N U/F k (β) generates F k over L for each index 1 ≤ k ≤ t (Theorem 4.2).
Let K be an imaginary quadratic field other than Q( √ −1) and Q( √ −3). For a nonzero integral ideal f of K, we denote by K f the ray class field of K modulo f. Let p be an odd prime and n (≥ 2) be an integer. Then it is well-known ([8, Chapter 10, Corollary to Theorem 7] ) that K (p n ) is generated by the special value of a Fricke function over K (p) . As one example of Theorem 2.2 we shall construct a generator α of K (p n ) over K (p) whose relative trace Tr K (p n ) /K (p m ) (α) also generates K (p m ) over K (p) for each integer 2 ≤ m ≤ n (Theorem 3.5). And, let N 1 , N 2 , . . . , N t (t ≥ 1) be a sequence of integers such that N 1 ≥ 2 and N 1 |N 2 | · · · |N t . As for another example of Theorem 4.2 we shall construct an element β of K (Nt) whose relative norm N K (N t ) /K (N k ) (β) generates K (N k ) over K for each index 1 ≤ k ≤ t (Example 4.3), which is relatively simpler than the work of Ramachandra ([11] ).
On the other hand, the normal basis theorem ([17, §8.11]) guarantees the existence of an element α ∈ U whose Galois conjugates over L form a basis for U over L as a vector space. We call such an element α a normal element for U/L. Although one can find a primitive generator for U/L, not much seems to be known until now how to construct such a normal element. For instance, Okada ([9] ) constructed in 1980 a normal element of the maximal real subfield of Q(e 2πi/q ) over Q by extending Chowla's work ( [1] ) with cotangent function. See also [10] . After Okada, Taylor ( [16] ) and Schertz ([12] ) established Galois module structures of ring of integers of certain abelian extensions of an imaginary quadratic field and also found a normal element by making use of special value of modular function. And, Komatsu ([4] ) further considered certain abelian extensions U and L of the cyclotomic field Q(e 2πi/5 ) and constructed a normal element for U/L in terms of special value of Siegel modular function. Unlike their works, however, we shall present a relatively simple new formula of constructing a normal element for U/L by using a lemma developed in [3] which can be deduced from the Frobenius determinant relation (Theorem 5.3).
Generators from relative traces
First, we shall present a simple lemma.
Lemma 2.1. Given a sequence of ℓ (≥ 1) nonnegative integers
we can construct a sequence of ℓ positive integers
Proof. Set M 0 = 1 and
Since M 0 = 1 and N i ≥ 0, the recursive formula (1) yields the property (i). Furthermore, the relation
induced directly from (1) enables us to have the properties (ii) and (iii).
Let U be a finite abelian extension of a number field L with
by Galois theory. Furthermore, there is a nonzero algebraic integer α i that generates F i over L by the primitive element theorem. We set
which is a positive integer, and take
Then the sequence M 1 , M 2 , . . . , M ℓ satisfies the properties (i)∼(iii) in Lemma 2.1 with
. Now we consider the element
Theorem 2.2. The relative trace
Proof. On the contrary, suppose that Tr U/F j (α) does not generates F j over L for some index 1 ≤ j ≤ ℓ. Then there is an element ρ ∈ Gal(F j /L) with ρ = id fixing Tr U/F j (α). We then obtain by the definition (2) and the fact Tr U/F j (α)
And, we further derive that
Multiplying both sides by
Here, we note that the left hand side is an algebraic integer divisible by an integer M j (≥ 2), whereas the right hand side is a nonzero algebraic integer prime to M j because ρ = id, gcd(M j , N) = 1 and gcd(M i , M j ) = 1 if i = j. This yields a contradiction. Therefore, we conclude that
Remark 2.3. We can replace N by any positive integer divisible by all prime factors of N.
Towers of class fields
For each positive integer N let F N be the field of all meromorphic modular functions of level N whose Fourier coefficients belong to Q(ζ N ) with ζ N = e 2πi/N . As is well-known [13, §6.2] the elliptic modular function j generates F 1 over Q, and F N is a Galois extension of F 1 whose Galois group is isomorphic to GL 2 (Z/NZ)/{±I 2 }.
For a lattice Λ = [τ 1 , τ 2 ] in C, the Weierstrass ℘-function relative to Λ is defined by
Let N (≥ 2) be an integer and 
. Then we have the relation
where
Proof. See [7, p.51] .
Let K be an imaginary quadratic field of discriminant d K . We set
and denote by H K and K (N ) the Hilbert class field of K and the ray class field of K modulo (N) for a positive integer N, respectively.
By the main theorem of complex multiplication we have the followings.
any nonzero integer n. In what follows we let
Lemma 3.3 (Shimura's reciprocity law). Let N ≥ 2 and let
be the minimal polynomial of θ K over Q. Then the matrix group
gives rise to the isomorphism
Proof. See [15, §3] .
Let p be an odd prime and let n (≥ 2) be an integer. We then have a tower of ray class fields
For each positive integer m we define a function
. Then we get the followings: (ii) Since
achieve from the definition (7)
On the other hand, we obtain by definition (3) and Lemma 3.1 that
) with σ = id. By Lemma 3.3 we may identify σ with an
by the definition (7) = p
Since f m (θ K ) is an algebraic integer, this value is an algebraic integer, too. Moreover, it divides a power of p by (i). Therefore, we conclude that
Theorem 3.5. Let n (≥ 2) be an integer. Set
Then the relative trace
Proof. Note that the positive integer
is a power of p by (6) and Lemma 3.4(iii). Furthermore, since each
is an algebraic integer which generates K (p m ) over K (p) by Lemma 3.4(ii), the assertion follows from Theorem 2.2.
Generators from relative norms
Let U/L be a finite abelian extension of number fields, and consider a tower of fields
In this section we shall present an element β of U whose relative norm N Ft/F k (β) renders a generator of F k over F 0 for each index 1 ≤ k ≤ m. First, we need a lemma.
Lemma 4.1. Let K be a number field and α be an algebraic integer for which K(α) is Galois over K. Then, any nonzero power of 3α + 1 also generates K(α) over K.
Proof. Let n be a nonzero integer. Suppose on the contrary that K ((3α + 1) n ) is properly contained in K(α). Then there exists an element ρ ∈ Gal(K(α)/K) with ρ = id fixing (3α + 1) n . Since 3α + 1 = 0, we get 3α ρ + 1 = ζ(3α + 1) for some |n|-th root of unity ζ ( = 1), from which it follows that
Since α ρ − ζα is a nonzero algebraic integer, we see that
On the other hand, since any Galois conjugate of ζ − 1 over Q is of the form ζ s − 1 for some integer s and |ζ s − 1| ≤ |ζ s | + 1 = 2, we obtain
But, this contradicts (8) and (9). Therefore we achieve the lemma.
By the primitive element theorem, there is an algebraic integer β k which generates F k over F k−1 for each index 1 ≤ k ≤ t. Furthermore, we may assume that (10) 
Then, for any nonzero integer n the relative norm
Proof. We use the induction on m. If t = 1, then we get β = β 1 , and so the assertion is obvious by (10) . Now, assume that the assertion holds for t = ℓ (≥ 1), and consider the case where t = ℓ + 1. We then deduce that
Thus we obtain by induction hypothesis that for each index 1 ≤ k ≤ ℓ
On the other hand, since F ℓ+1 /F 0 is an abelin extension, so is F 0 (β n )/F 0 by Galois theory.
This fact implies that F 0 (β n ) contains N F ℓ+1 /F ℓ (β) n , and we derive that
Hence the assertion is also true for t = ℓ + 1. This complete the proof. 
For each index 1 ≤ k ≤ t and any nonzero integer n, the special value g 0
is an algebraic integer which generates K (N k ) over K by Lemmas 3.4(i) and 3.2(iii). Thus the element
by Theorem 4.2. Moreover, by Lemma 3.3 and (4), each denominator in the above expression of β can be rewritten as
and
Remark 4.4. Let f be a nontrivial integral ideal of K. In 1964 Ramachandra ([11, Theorem 10]) constructed a theoretically beautiful universal generator of K f with respect to relative norm by applying Kronecker's limit formula. His generator, however, seems to involve overly complicated products of high powers of singular values of the Klein forms and the modular discriminant function.
Normal bases
Let U/L be an abelian extension of number fields
Take a nonzero algebraic integer α which generates U over L. For each pair of χ ∈ G and 0
we let
Then it is an algebraic integer in U(ζ d ).
Lemma 5.1. For a given character χ ∈ G, at least one of
is nonzero.
Proof. On the contrary, assume that
by the Vandermonde determinant formula, we attain 
which is impossible. Therefore, at least one of
must be nonzero as desired.
For each pair of
For a sequence of these d 2 nonnegative integer
as in the proof of Lemma 2.1. Here we observe that if S(χ i , m) = 0, then M(χ i , m) ≥ 2 by the property (i) in Lemma 2.1.
Proof. See [3, Proposition 2.3].
Theorem 5.3. The element
Proof. Let χ ∈ G. By Lemma 5.1 we have
Suppose on the contrary that
we get by multiplying 0≤m≤d−1,1≤i≤d M(χ i , m) that
It then follows from the fact
that M(χ, t) (≥ 2) must divide S(χ, t), and hence it also divides the positive integer
gives rise to a contradiction. Therefore, we conclude by Lemma 5.2 that β forms a normal basis for U/L. 
, and hence
ℓ is a normal element for K (N ) /K for a sufficiently large positive integer ℓ. But, they couldn't further express ℓ precisely in terms of d K and N. In other words, they took ℓ so large that
for all σ ∈ Gal(K (N ) /K) with σ = id.
Integrality of weakly holomorphic modular functions
Let N be a positive integer and h ∈ F N be weakly holomorphic (that is, h is holomorphic on H). As we have seen in §3, Examples 4.3 and 5.4, the integrality of special values of h plays an important role of finding concrete and nontrivial examples. In this section we shall show that the integrality of special values of h at all imaginary quadratic arguments implies the integrality of h over Z[j] as a function.
If it is weakly holomorphic, then it is a polynomial of j over Q(ζ N ).
(ii) For any imaginary quadratic argument θ ∈ H, j(θ) is an algebraic integer.
Proof. Let K be an imaginary quadratic field of discriminant d K , and let θ K be as in (5). We denote the class number of K by h(K), that is, h(K) = [H K : K]. Due to Siegel and Deuring we have the following lemma.
Proof. (i) See [14] .
(ii) See [2] or [8, §13.4] . 
Assume that g(θ) is an algebraic integer for every imaginary quadratic argument θ ∈ H.
Proof. We can take a sufficiently large prime t such that −t ≡ 1 (mod 4) and h(K) ≥ m + 1, when K = Q( √ −t), by the Dirichlet theorem and Lemma 6.2(i). Let
be Galois conjugates of j(θ K ) over K (here, θ K is an element of H depending on K as given in (5)), where θ k ∈ H (k = 1, 2, . . . , h(K)) give rise to ideal class representatives
Observe that all entries of the augmented matrix of the linear system are algebraic integers by Lemma 6.1(ii) and the hypothesis. Furthermore, since the determinant of the coefficient matrix is given by
by the Vandermonde determinant formula, we deduce that
Let s 1 , s 2 , . . . , s ν be all prime factors of D. Then one can also take a suitably large prime v such that −v ≡ 1 (mod 4) and −v ≡ 1 (mod s k ) for all k = 1, 2, . . . , ν, and h(L) ≥ m + 1 with L = Q( √ −v). In exactly the same way as above we achieve that
Now, let p be a prime factor of D so that p = s k for some index 1 ≤ k ≤ ν. We then abeliannumberfields(revised).pdfobtain Proof. Assume that h is integral over Z[j], so h satisfies (15) h n + a n−1 h n−1 + · · · + a 1 h + a 0 = 0 for some a k = a k (τ ) ∈ Z[j(τ )] (k = 0, 1, . . . , n − 1). Let θ ∈ H be imaginary quadratic. If we set τ = θ in (15), then we get (16) h(θ) n + a n−1 (θ)h(θ) n−1 + · · · + a 1 (θ)h(θ) + a 0 (θ) = 0.
Since j(θ) is an algebraic integer by Lemma 6.1(ii) and a k (θ) (k = 0, 1, . . . , n − 1) are polynomials of j(θ) over Z, we see from (16) that h(θ) is an algebraic integer, too.
Conversely, assume that h(θ) is an algebraic integer for any imaginary quadratic argument θ ∈ H. Let SL 2 (Z/NZ)/{±I 2 } = {γ 1 , γ 2 , . . . , γ m }. For each γ k , let γ k be its preimage under the reduction SL 2 
